Time-reversal invariant (TRI) Dirac and Weyl semimetals in three dimensions (3D) can simultaneously host open Fermi arcs and spin-momentum locking Fermi loops on the surfaces. This observation leads us to consider the presence of s-wave superconductivity in such semimetals and to study vortex bound states associated with π-flux vortex lines. We find that when the doping level is lower than a critical value, straight vortex lines terminating at surfaces with spin-momentum locking Fermi loops realize 1D topological superconductivity and harbor Majorana zero modes at their ends. Comparisons of the vortex bounds states in these semimetals to those in the topological insulators are made and the distinctions between them elucidated. By studying the tilting effect of bulk Dirac and Weyl cones, we further find that type-I Dirac and Weyl semimetals in general have a much broader topological regime than type-II ones. Our findings build up a connection between TRI Dirac and Weyl semimetals and Majorana zero modes in vortices.
Time-reversal invariant (TRI) Dirac and Weyl semimetals in three dimensions (3D) can simultaneously host open Fermi arcs and spin-momentum locking Fermi loops on the surfaces. This observation leads us to consider the presence of s-wave superconductivity in such semimetals and to study vortex bound states associated with π-flux vortex lines. We find that when the doping level is lower than a critical value, straight vortex lines terminating at surfaces with spin-momentum locking Fermi loops realize 1D topological superconductivity and harbor Majorana zero modes at their ends. Comparisons of the vortex bounds states in these semimetals to those in the topological insulators are made and the distinctions between them elucidated. By studying the tilting effect of bulk Dirac and Weyl cones, we further find that type-I Dirac and Weyl semimetals in general have a much broader topological regime than type-II ones. Our findings build up a connection between TRI Dirac and Weyl semimetals and Majorana zero modes in vortices.
Majorana zero modes (MZMs) localised in the vortices of the superconducting order parameter have been actively sought after for more than a decade [1] [2] [3] [4] [5] [6] [7] [8] . Originally, they were predicted to exist in 2D chiral p-wave superconductors [9] , but the scarcity of such superconductors in nature compels the community to look for other possible candidates. A breakthrough comes with the realization that when the spin-momentum locking Dirac surface states of 3D topological insulators are gapped by s-wave superconductivity, a π-flux vortex carries a single MZM at its core [10] . Since then, topological insulators with either proximity-induced or intrinsic superconductivity are strongly desired for the realization of MZMs in experiments [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . Remarkably, the normal state of several iron-based superconductors has recently been found to carry an inverted band structure and thus Dirac surface states [21] [22] [23] . In superconducting states, zerobias peaks, as well as several other ordered discrete peaks, are clearly observed in scanning tunnelling spectroscopy of these materials when the tip moves close to the vortex core [24] [25] [26] [27] [28] [29] [30] , thus providing strong experimental evidences for the existence of MZMs in the vortices of these superconductors.
In efforts to broaden the scope of materials that can host MZMs in vortices, the question of whether the bulk material needs to be insulating has been naturally raised [31] [32] [33] [34] . The finding that the MZMs survive even in the doped topological insulator with metallic normal states [31] has motivated us to examine the possibility of MZMs appearing in the recently discovered 3D Dirac and Weyl semimetals [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] . As the intermediate phases between topological insulators and normal insulators, these materials are of great interest both from the bulk and boundary perspective [48, 49] . With respect to the bulk, the energy bands of Dirac and Weyl semimetals touch at some isolated points (the so-called Dirac and Weyl points) around which spins or pseudospins display a nontrivial texture. Furthermore, the dispersions away from the Dirac and Weyl points are also distinct from those of conventional quasiparticles in metals and are responsible for some novel transport properties [50] [51] [52] . On the boundary, a hallmark of Dirac and Weyl semimetals is the existence of open Fermi arcs which connect the projections of the bulk Dirac and Weyl points [45, 46] . Such open Fermi arcs have been studied extensively both in theory and in experiments, which has led to the discovery of a series of remarkable phenomena [53] [54] [55] [56] .
While the importance of open Fermi arcs is widely appreciated, the intriguing property that spin-momentum locking Fermi loops, a manifestation of Dirac surface states, can also appear on the surface of time-reversal invariant (TRI) Dirac and Weyl semimetals [57] [58] [59] [60] has so far been largely overlooked. With this observation and the scenario in doped topological insulators in mind, we consider in this work the presence of s-wave superconductivity in TRI Dirac and Weyl semimetals and investigate vortex bound states associated with a π-flux vortex line. Our main findings can be summarised as follows. (i) When the vortex line terminates at the surfaces with spin-momentum locking Fermi loops, it realizes 1D topological superconductivity below a critical doping level and harbors Majorana zero modes at its ends. (ii) However, the directional dependence and dispersions of the vortex bound states are found to be qualitatively different from those in the doped topological insulator, owing to the fundamental differences between their respective normal states. (iii) The appearance of the MZMs can still be associated with the vortex phase transition, but the explanation of the latter in terms of a π Berry phase on the bulk Fermi surface of normal state, developed in superconducting topological insulators [31] , breaks down in the superconducting Dirac and Weyl semimetals. (iv) By examining the effect of the tilting of the Dirac and Weyl cones on the vortex line, type-I Dirac and Weyl semimetals are found to have a much broader topological regime than the type-II ones. 
Coexistence of open
where the Pauli matrices σ i and s i act in the orbit and spin spaces respectively, and I denotes the 4 × 4 identity matrix. For notational simplicity, we have set the lattice constant to unit. Here ε(k) is an even-function of momentum whose concrete form will be specified later. When δ = 0, the Hamiltonian has time-reversal symmetry, inversion symmetry and C 4zrotational symmetry. These symmetries stabilize Dirac points on rotational-symmetry axes. For a finite δ, the inversion symmetry is broken, so that a Dirac point is split into two Weyl points with opposite chirality, as illustrated in Fig.1(a) .
Let us first focus on the inversion symmetric case, i.e., δ = 0. In this case, we note that the two t 3 -terms are often ignored in the study of Dirac semimetals. However, they are in fact ubiquitous in real materials as they are allowed by symmetry [57, 59] . While these two terms do not affect the linear dispersion near the Dirac points, they do have a strong impact on the boundary modes. To see this, we examine the system occupying the region 0 ≤ x ≤ L (L assumed to be very large) with the open boundary condition along x-direction and analyze the boundary modes on the x = 0 and x = L surfaces. For concreteness, we take the parameters (m, t, t 3 , t , t 3 ) to be positive throughout this work. Furthermore, we consider m + 2t > t 3 but |m − 2t| < t 3 . Accordingly, the Hamiltonian is band-inverted at Γ point and has two Dirac points at ±k D = (0, 0, ±k D ) with k D = arccos((m − 2t)/t 3 ). To simplify the analysis, we focus on the low-energy Hamiltonian near Γ point, which reads
wherem = m − 2t − t 3 is negative. As the ε(k) term does not affect the topological property of normal state, we have taken ε(k) = 0 in this part for clarity. Following the standard edge-theory analysis [62] , we find that the low-energy Hamiltonians for the boundary modes on the x = 0 and x = L surfaces are given by[63]
respectively, where v y = t , v z (k y , k z ) = −t 3 (m + tk 2 y + t 3 k 2 z /2)/t, and the boundary modes exist within the regime tk 2 y /2 + t 3 k 2 z /2 < −m. In the absence of the t 3 -terms, i.e., t 3 = 0, it is readily found that v z (k y , k z ) = 0 and each lowenergy Hamiltonian in Eq. 
We see that the single Dirac cone is still present at each surface but its energy is shifted by δ. The above analyses show that Dirac surface states exist not only in topological insulators, but also in TRI topological semimetals.
we present the evolution of constantenergy contours of surface states with various values of t 3 and δ. According to Eq.(4), the constant-energy contours of surface states at energy E s are determined by ±δ ± v 2 When δ becomes nonzero, the constant-energy contours of surface states on the x = 0 and x = L surfaces no longer coincide. Fig.1(d) shows that while two Fermi arcs and one Fermi loop coexist on the x = L surface, the x = 0 surface only contains two Fermi arcs. From a surface-state and weakpairing perspective, it is known that when a spin-momentum locking Fermi loop is gapped by s-wave superconductivity, a MZM may be trapped in the vortex core [10] . Thus, the presence of spin-momentum locking Fermi loop on only one surface seems to imply that a vortex line penetrating through the bulk will only trap one MZM at one of its ends. However, MZMs must come in pair, and this contradiction shows that the topological property of a vortex line in superconducting Weyl semimetals must be understood from a bulk perspectivè a la ref. [31] .
Vortex bound states in superconducting Dirac and Weyl semimetals.-While superconductivity in TRI Dirac and Weyl semimetals has been investigated extensively both in theory and experiment [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] [78] [79] [80] , the vortex bound states in their superconducting counterparts have been much less explored. Very recently, two groups have independently found that a πflux vortex line in superconducting Dirac semimetals hosts 1D propagating Majorana modes [61, 81] , where the vortex line is taken to be parallel to the z direction so that it does not break the C 4z rotational symmetry. In this work, we focus on the consequence of the existence of spin-momentum locking Fermi loop on the x-directional surfaces, and explore vortex bound states associated with a π-flux vortex line along the x direction.
Let us begin with the general theory. When the Dirac semimetal or Weyl semimetal becomes superconducting, the BdG Hamiltonian takes the general form
in the basis (Ψ † k , Ψ −k ), where µ is the chemical potential measured from the Dirac or Weyl points. Similar to refs. [61, 81] , we assume a spin-singlet s-wave pairing, i.e., ∆(k) = −i∆s y , which fully gaps the bulk states. To model a vortex line in the x direction, we assume that the superconducting order parameter takes the form ∆(r) = ∆ 0 tanh( y 2 + z 2 /ξ)e iθ where θ = arctan(y/z) and ξ is the coherence length. While the particle-hole symmetry is preserved in the presence of a vortex line, the translational symmetry in the yz plane and the time-reversal symmetry are broken. Therefore, a 3D superconductor with a vortex line can be viewed as a 1D superconductor whose unit cell contains all lattice sites in the yz plane. Such a 1D superconductor belongs to the class D of the Atland-Zirnbauer classification and is known to follow a Z 2 classification if its energy spectrum is full-gapped [82, 83] . By rewriting the Hamiltonian in terms of Majorana representation, i.e., H BdG = i kx γ kx A(k x )γ −kx with γ kx denoting the Majorana fermions and A(k x ) an antisymmetric matrix, the Z 2 invariant is given by[63, 84, 85] ν = sgn(Pf(A(0))) · sgn(Pf(A(π))),
where Pf(A) denotes the Pfaffian of A, and sgn(x) = 1(−1) for x > (<)0. When ν = −1, 1D topological superconductivity is realized, and MZMs will emerge at the ends of the vortex line when the system is open in the x direction. On the other hand, the system is topologically trivial for ν = 1 and no MZMs appear at the vortex ends. In Fig.2 , we present the numerical results of the dispersions for vortex bound states in the superconducting Dirac semimetal. For clarity, we have only shown eight bound states whose energies are in the closest vicinity of zero. Figs.2(a)-(d) illustrate the evolution of the vortex bound states and the Z 2 topological invariant under the variation of µ, i.e., the doping level. (Only µ > 0 is shown as the result is found to be symmetric about µ = 0.)The results reveal that the vortex line is full-gapped except at µ c where a vortex phase transition takes place. We emphasize that without the t 3 terms, the vortex line is also found to be gapless, meaning that such terms play a crucial role in opening a gap for the vortex line [63] . Similar to superconducting topological insulators, we find ν = −1 when the doping is below a critical level, i.e., µ < µ c , signaling the realization of 1D topological superconductivity on the vortex line. In this regime, each end of the vortex line binds one MZM when open boundary condition is taken in the x direction. Our results, together with the findings in Refs. [61, 81] , indicate that superconducting Dirac semimetals provide a unique platform in which both 1D propagating Majorana modes and 0D MZMs can be realized in the vortex cores.
By making δ finite, we find similar results as presented in Figs.2(a)-(d) , which show that vortex end MZMs can also be realized in superconducting Weyl semimetal. To avoid repetition, we only present the impact of δ on µ c , as shown by the phase diagram in Fig.3 (a) (also only µ > 0 is shown). The phase diagram suggests that the increase of δ, which corresponds to the increase of the separation between Weyl points, decreases the topological regime. Such a dependence can be understood by inspecting Eq.(4) which shows that δ plays a role akin to doping on the surfaces.
Before ending this section, we make a comparison between the vortex lines in superconducting Dirac and Weyl semimetals and those in superconducting topological insulators. For a strong topological insulator, it is known that each of its surfaces contains an odd number of Dirac cones. Thus, the MZMs are expected to be realisable regardless of the direction of vortex lines. In comparison, vortex lines in superconducting Dirac and Weyl semimetals can be either topologically gapless or fully gapped, depending on their directions. In addition, we find that the dispersions of vortex bound states in the semimetals display remarkable distinctions. As shown in Figs.2(a)(b) , the lowest-energy vortex bound states in superconducting Dirac semimetals determined under periodic boundary condition are nearly doubly-degenerate in the weakly doped regime. In sharp contrast, if the bulk band edge of a topological insulator is located at the band-inverted momentum, only one branch of lowest-energy vortex bound states in superconducting topological insulators exists in the weakly doped regime [31] . Since the low-energy vortex bound states are related to the low-energy bulk modes under periodic boundary condition, this distinction can be attributed to the difference in the number of bulk Fermi surfaces in the two systems in the weakly doped regime. Finally, while it was demonstrated that the vortex phase transition in superconducting topological insulators can be explained by the presence of a π-Berry phase on the bulk Fermi surface of normal state [31] , we find that the Berry phase no longer reaches π at the critical point in superconducting Dirac and Weyl semimetals [63] . The breakdown of this explanation in Dirac and Weyl semimetals reveals a strong influence of normal states on the vortex phase transition.
The effect of tilting.-In real materials, Dirac and Weyl cones generally exhibit some extent of tilting [86] . According to the extent of tilting, Dirac and Weyl semimetals have commonly been divided into two classes, i.e. type-I and type-II [86] . To capture the effect of tilting, we let the ε(k) term in Hamiltonian (1) take the form ε(k) = ηt 3 (cos k z − cos k 0 ), where ±k 0 are the coordinates of Dirac or Weyl points in the k z direction and η characterizes the extent of tilting.
Since the tilting effects for the Dirac semimetal and the Weyl semimetal share qualitatively the same picture, we again only present the results for the former. Type-I and type-II Dirac semimetals correspond respectively to η < 1 and η > 1. As shown in Fig.3(b) , in the type-I phase the area of the topological regime barely changes for η < 0.5 but it quickly shrinks as η increases further. After entering into the type-II phase, the topological regime is found to vanish quickly, suggesting that type-II Dirac semimetals are less favored than type-I Dirac semimetals for the realization of vortex end MZMs.
Experimental consideration.-Thus far, superconductivity has already been observed in quite a few TRI Dirac and Weyl semimetals [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] [78] [79] [80] . As a result, our predictions are immediately testable in experiment. Among various candidates, we suggest that iron-based superconductors, including FeTe x Se 1−x , LiFe 1−x CoAs, and Li 1−x Fe x OHFeSe [21] [22] [23] [24] [25] [26] [27] [28] [29] , are particularly suitable for the test. As mentioned previously, these materials have recently attracted particular attention due to the compelling evidence of MZMs in vortices. The presence of MZMs has been explained by the observation of a band-inverted gap near the Fermi energy and the concomitant Dirac surface states. Notably, 3D Dirac cones with various extent of tilting have also been observed in these materials close to the Fermi energy [23] . This leads us to believe that vortex lines in superconducting topological insulators and Dirac semimetals can be studied on the same platform by simply tuning the doping level. In addition, as the vortex lines in the two regimes exhibit remarkable differences, the transition from one regime to the other can also be explored experimentally.
Conclusion.-Building on the observation that open Fermi arcs and spin-momentum locking Fermi loops can coexist on the surfaces of 3D TRI Dirac and Weyl semimetals, we have found that a π-flux vortex line in superconducting Dirac and Weyl semimetals can realize 1D topological superconductivity and harbor MZMs at its ends. The differences between vortex lines in superconducting topological insulators and those in superconducting Dirac and Weyl semimetals have been clarified. Furthermore, We have shown that type-I Dirac and Weyl semimetals are in general more favorable than type-II ones for the realization of vortex end MZMs. In view of the recent discovery of a plethora of Dirac and Weyl semimetals, our findings not only provide a promising new route for the realization of MZMs in 3D, but also offer a new perspective on the potential applications of topological semimetals.
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Supplemental Material

I. THE DERIVATION OF LOW-ENERGY HAMILTONIAN FOR BOUNDARY MODES
To obtain the low-energy Hamiltonian for boundary modes, our starting point is the continuum bulk Hamiltonian, which reads
(S1) Consider that the system occupies the region 0 ≤ x ≤ L, the breaking of translation symmetry in the x direction requires us to do the replacement k x → −i∂ x . Accordingly, the Hamiltonian becomes
In the next, we decompose the Hamiltonian into two parts, i.e., H c = H 1 + H 2 , with
We treat H 2 as a perturbation and first solve the equation H 1 ψ α (x) = E α ψ α (x). Let us first focus on the x = 0 surface. To simplify the calculation, we take L to be infinity, then the wave functions of boundary modes satisfy the boundary conditions ψ α (0) = ψ α (∞) = 0. It is readily found that there are two zero-energy solutions, which read [62] ψ α = N sin(κ 1 x)e −(κ2x) e ikyy e ikzz χ α ,
where N = 2 κ 2 (κ 2 1 + κ 2 2 )/κ 2 1 is the normalization constant with
The spinor χ α satisfies σ y s z χ α = −χ α . Here we choose χ 1 = |σ y = −1, s z = 1 and χ 2 = |σ y = 1, s z = −1 . The normalization of the wave functions suggests that the boundary modes exist only when (κ 2 1 + κ 2 2 ) > 0, i.e., tk 2 y + t 3 k 2 z < −2m. Then the low-energy Hamiltonian for boundary modes on the x = 0 surface is given by
In terms of Pauli matrices, its form is
where v y = t and v z (k y , k z ) = −N 2
Once t 3 = 0, it is readily found that a Dirac cone is formed at (k y , k z ) = (0, 0). Similarly, we can obtain the low-energy Hamiltonian for boundary modes on the x = L surface, which reads
II. REAL SPACE BDG HAMILTONIAN
In momentum space, the tight-binding BdG Hamiltonian for the superconducting Dirac and Weyl semimetal reads
where Pauli matrices σ i , s i and τ i act in orbit, spin, and particle-hole spaces, respectively. By a Fourier transformation, the real space Hamiltonian is obtained, which reads
Without vortices, ∆(r) is assumed to be uniform and ∆(r) = ∆ 0 with ∆ 0 a real constant. To simulate the presence of a vortex line at y = z = 0, we take ∆(r) = ∆ 0 tanh( √ y 2 +z 2 ξ ) (y+iz) √ y 2 +z 2 , with ξ the superconducting coherence length.
III. VORTEX LINES IN SUPERCONDUCTING DIRAC AND WEYL SEMIMETALS WITH AND WITHOUT THE t 3 TERMS
As the t 3 terms have been shown to have strong impact on the boundary modes on the x-directional surfaces, here we show the dispersions of vortex bound states when they are absent for comparison, with the results presented in fig.S1 . In Figs.S1(a)(c), the red lines are doubly degenerate, which means that there are two pairs of gapless Majorana modes along the vortex line. As there is no crystal symmetry prohibiting them from coupling, a gap is expected to open between them. However, the gap is found to be negligible in the weakly doped regime, as shown in Figs.S1(b)(d). A comparison with the results for finite t 3 indicates that the t 3 terms are crucial to open a topologically nontrivial gap in the weakly doped regime.
In the main text, the energy gap of the vortex line in the weakly doped regime looks much smaller than its counterpart in suerconducting topological insulators. Here we show that the energy gap of vortex lines in superconducting Dirac and Weyl semimetals can also be made large by increasing t 3 . As shown in Fig.S2(a) , the energy gap in the weakly doping regime increases nearly in a linear way with the increase of t 3 . Due to the enhancement of energy gap, the critical value for the vortex phase transition is also found to increase with t 3 , as shown in Fig.S2(b) . These results suggest that superconducting Dirac and Weyl semimetals can perform as well as superconducting topological insulators in the realization of vortex end Majorana zero modes.
IV. VORTEX LINES IN SUPERCONDUCTING WEYL SEMIMETALS
In the main text, we have not shown the dispersions of vortex bound states in superconducting Weyl semimetals to avoid repetition. Here we present the results for completeness, as shown in Fig.S3 . As only δ is changed, it is readily seen that the results are very similar to the limiting case with δ = 0, so it is sufficient to only show the impact of δ to the critical doping level for vortex phase transition.
V. REAL SPACE HAMILTONIAN IN THE MAJORANA REPRESENTATION AND Z2 INVARIANT
In the presence of a straight vortex line in the x direction, the translational symmetry along this direction is still preserved, so k x is still a good quantum number. Therefore, the whole system can be viewed as a 1D superconductor whose unit cell contains all lattice sites in the yz plane. Such a 1D superconductor belongs to the class D of the Atland-Zirnbauer classification and is known to follow a Z 2 classification if its energy spectrum is full-gapped [82, 83] . In terms of the particle-hole symmetry in a superconductor, Kitaev demonstrated that the Z 2 invariant is given by [84] ν = sgn(Pf(A(0))) · sgn(Pf(A(π))),
where A(k x ) represents the Hamiltonian in the Majorana representation, and "Pf" is a shorthand notation of Pfiffian. The expression suggests that a topological phase transition will only occur at either k x = 0 or π.
To derive A(k x ), we introduce the Majorana operators: 
As the topological phase transition can only occur at either k x = 0 or π, we only need to consider the Hamiltonian at these two For electron doping, i.e., µ > 0, only the conduction band needs to be considered. To obtain the Berry phase on the Fermi surface, here we take advantage of the Berry curvature, which, for the conduction band, is given by 
In Fig.S4(a) , we show the evolution of the dispersions of vortex bound states at k x = 0 with µ. The result indicates a vortex phase transition at µ c ≈ 0.95. In Fig.S4(b) , we present the Berry phase on the Fermi surface in the k x = 0 plane. The result is numerically obtained in accordance with Eq.(S24). It is readily found that the Berry phases reach π at µ c ≈ 0.9, very close to the value at which the vortex phase transition occurs. Noteworthy, here we have chosen ∆ 0 = 0.5 for illustration. With the decrease of ∆ 0 , the vortex phase transition is found to get more close to the Berry-phase-predicted value, suggesting that the Berry phase provides a faithful explanation of vortex phase transition in the weak-pairing regime. Now let us study the Berry phase in the Dirac semimetal. We write down the normal-state Hamiltonian H 0 (k) = (m − t cos k x − t cos k y − t 3 cos k z )σ z +t sin k x σ x s z + t 3 sin k z (cos k x − cos k y )σ x s x −t sin k y σ y + 2t 3 sin k z sin k x sin k y σ x s y .
Also focus on the k x = 0 plane, with the same set of parameters (m, t, t ) = (2.5, 1, 1) the Hamiltonian reduces to H R (k) = (1.5 − cos k y − cos k z )σ z + sin k z (1 − cos k y )σ x s x − sin k y σ y .
One can see that the Hamiltonian is also decoupled into two independent parts, i.e., H R = H sx=1 ⊕ H sx=−1 . Let us also focus on H sx=1 . The Berry curvature for the conduction band is given by Ω + (k) = [(1 − cos k y ) cos k y (2.5 cos k z − 1) + sin 2 k y (sin 2 k z − cos k z )] 2[(1.5 − cos k y − cos k z ) 2 + sin 2 k y + sin 2 k z (1 − cos k y ) 2 ] 3/2 .
In Fig.S4(c)(d) , the evolution of dispersions of vortex bound states and Berry phase with µ are presented. One can readily see from Fig.S4(d) that the Berry phases do not reach π in the range of µ that we are interested. Therefore, it indicates that the π Berry phase on the Fermi surface can not be applied to explain the vortex phase transition in superconducting Dirac semimetals.
With the introduction of inversion symmetry breaking δ term, the Berry curvature on the Fermi surfaces will be redistributed. Consider a small δ, its effect to the distribution of Berry curvature is very small far away from the band touching points. As the vortex phase transition occurs at an energy away from the band touching points, it indicates that a small δ has very small effect to the Berry phase when the system gets close to the vortex phase transition, suggesting that the Berry-phase explanation also breaks down in superconducting Weyl semimetals.
